This paper contains several generalizations of the Mazur-Ulam isometric theorem in F * -spaces which are not assumed to be locally bounded. Let X and Y be two real F * -spaces, and let X be locally pseudoconvex or δ-midpoint bounded. Assume that a operator T maps X onto Y in a δ-locally 1/2 i -isometric manner for all i ∈ 0 ∪ . Then T is affine. In addition, we give the sufficient conditions of a mapping between two topological vector spaces being affine. 
PRELIMINARIES
Throughout this paper, we denote by , and the sets of positive integers, of reals, and of complex numbers, respectively. Let X be a linear space on or . A non-negative-valued function · defined on X is called an F-norm if it satisfies the following conditions: (n1) x = 0 if and only if x = 0; (n2) ax = x for all a a = 1; (n3) x + y ≤ x + y ; (n4) a n x −→ 0 provided a n −→ 0; (n5) ax n −→ 0 provided x n −→ 0.
A space X with an F-norm is called an F * -space. An F-pseudonorm ( x = 0 is not necessarily x = 0 in (n1)) is called p-homogeneous (p > 0) if tx = t p x for all x ∈ X and all scalars t. Let X be a TVS (topological vector space). A set A ⊆ X is said to be pseudobounded if, for any neighborhood U of zero, there exists n ∈ such that A ⊆ U + U + · · · + U n-times A TVS is called locally (bounded) pseudobounded if there is a (bounded) pseudobounded neighborhood of zero.
A set A ⊆ X is said to be a starlike set if tA ⊆ A for all t ∈ 0 1 . The modulus of concavity of a starlike set A is defined by C A = inf s > 0 A + A ⊆ sA with the convention that C = +∞. A is called pseudoconvex if C A < +∞. A TVS is called locally pseudoconvex if there is a basis of neighborhoods of zero U n which are pseudoconvex.
An F * -space X is said to be δ-midpoint bounded if there is δ > 0 such that the sets
are topologically bounded for all x and x ∈ X whenever x − x < δ. The author [6] proved that a TVS is locally bounded if and only if it is locally pseudobounded and locally pseudoconvex. Moreover, a locally pseudoconvex space need not be locally bounded; an example of this is F-space s , which is the space of sequences on real or complex number field with the F-norm
In particular, locally convex spaces are locally pseudoconvex. Let X and Y be two F * -spaces. A mapping T X → Y is called isometric if Tx − Ty = x − y for all x y ∈ X. T is said to be δ-locally t-isometric t > 0 if there exists δ > 0 such that t Tx − Ty = t x − y , whenever x − y < δ for any x y ∈ X. The question of whether the Mazur-Ulam theorem holds for all metric linear spaces still seems to be open. Mazur and Ulam [3] proved that every surjective isometry T between two normed linear spaces must be affine. Rolewicz [4] proved that if X and Y are real locally bounded F * -spaces, and T X → Y is t-isometric for all t > 0, then T is affine. Ding Guanggui and Huang Senzhong [1] proved that the Rolewicz theorem holds as long as T is 1/2 n -isometric (∀ n ∈ 0 ∪ ). A different kind of generalization of the Mazur-Ulam theorem was given by Day [2] . He proved that if X and Y are locally convex topological vector spaces and T X → Y carries a total family p s of pseudonorms to another such family p s on Y by the rule p s Tx − Ty = p s x − y , where T is surjective, then T is affine.
In the following we will extend this result to a larger class of F * -spaces which are not assumed to be locally bounded, such as locally pseudoconvex F * -spaces including all locally bounded F * -spaces and all locally convex F * -spaces. 
THE MAIN RESULT
Proof. Let x x ∈ A. Because · is increasing and t n 0, by (n2)
, and hence D t n A ∞ n=1 is a decreasing sequence of numbers which has lower bound 0. Therefore, there is r ≥ 0 such that lim n→∞ D t n A = r.
We claim r = 0. Assume conversely that there is ε 0 > 0 such that
By the definition of supremum, there are x k and y k ∈ A such that
A is topologically bounded, and so is A + A. Moreover,
This leads to r = 0.
Lemma 2. Let X be a complex TVS. If a mapping T X → Y satisfies the property that there is a U neighborhood of zero in X such that for any x y ∈ X with y − x ∈ U,
Proof. Let x y ∈ X. Choose a balanced neighborhood of zero V such that V + V ⊆ U. We consider the situation where y − x / ∈ U. We denote
Using (L.2.2), we obtain
2) and (L.2.3), we see that
By recurrence, we finally obtain that (L.2.1) holds also when y − x / ∈ U. Theorem 1. Let X and Y be two complex F * -spaces and let
i -isometric for all i ∈ 0 ∪ and surjective, then T is real affine. If T also satisfies the property that T ιx = ιT x ι 2 = −1 for all x ∈ X, then T is affine.
Proof. We will use a method that is similar to that of Mazur and Ulam. Let x 1 x 2 ∈ X and δ = min δ 1 δ 2 /2 . First suppose that x 1 − x 2 < δ. We define
We construct by induction
We shall prove by induction that M n = for any n ∈ , and they are such that
For n = 1 this is trivial, sincex − x 1 = x 2 − x andx − x 2 = x 1 − x. Suppose that (T.1.1) and (T.1.2) hold for a certain k − 1. Let x ∈ M k and y ∈ M k−1 . Then, the inductive assumption impliesȳ
i.e., (T.1.2) holds for n = k. Since
(T.1.1) holds for n = k. We conclude by induction that (T.1.1) and (T.1.2) hold for any n ∈ . Next we show that lim n→∞ D M n = 0. Obviously, by M n ⊆ M n−1 , and from the definition of M n we have
We have only to show that lim n→∞ D Moreover, the intersection of all sets M n is the set which consists of one element x 1 + x 2 /2. It is a metric characterization of the center of the points x 1 and x 2 .
We can apply a similar reasoning to the space Y to prove that Tx 1 + Tx 2 /2 is the center of the points Tx 1 and Tx 2 . We shall show that T x 1 + x 2 /2 is also the center of Tx 1 and Tx 2 . Suppose that M n are subset in Y which are similar to M n . For n = 1 2 , let
Since T is δ − 1/2 i -isometric and surjective, D M n /2i = D M n /2 i for all i ∈ 0 ∪ and for all n ∈ . This yields lim n→∞ D M n = lim n→∞ D M n = 0.
We shall prove by induction that
For n = 1 this is trivial, since T is a surjection and δ-locally 1/2 i -isometry i = 0 1 .
Suppose that (T.1.3) holds for a certain k − 1. T 1 4 Let y be an arbitrary element of M k . Because T is a surjection, there exists an x ∈ X such that Tx = y. For each z ∈ M k−1 , we have Tz ∈ M k−1 by (T.1.4). Hence
On the other hand, for any y ∈ T M k , then there is an x ∈ M k such that Tx = y. By x ∈ M k ⊆ M k−1 and (T.1.4), we have y ∈ M k−1 . Putting anyz ∈ M k−1 , by (T.1.4), there is a z ∈ M k−1 such that Tz =z. It follows that y −z
Thus T M n = M n for all n ∈ . It follows from (T.1.3) and x 1 + x 2 /2 ∈ ∩ n M n that T x 1 + x 2 /2 ∈ ∩ n M n = ∩ n T M n . Moreover, this leads to
by Lemma 2, we obtain that (T.1.5) holds also. Since T is δ-locally isometric, T is continuous, and hence T is real affine.
We can replace condition (T.1) in Theorem 1 with another condition. That is, the following theorem holds.
Theorem 2. Let X be a locally pseudoconvex F * -space (T.2). Keeping the other hypotheses of Theorem 1, then T is affine.
Proof. We notice that the condition (T.1) is only used in proving lim n→∞ D M 1 /2 n−1 = 0. Therefore, we have only to prove that lim n→∞ D M 1 /2 n−1 = 0 holds under the condition (T.2). Since X is locally pseudoconvex, by [4, Theorem III.1.3] there is a sequence of p k -homogeneous F-pseudonorms · k determining a topology equivalent to the original one.
For each k ∈ , we define
, and thus lim n→∞ D M 1 /2 n−1 = 0 by the equivalence of · and · k .
Using the same method, we can find the following corollary. ≤ c 2 y whenever x < δ 1 and y < δ 2 for any x ∈ X and y ∈ Y (C.1). If T maps X onto Y in a δ 3 -locally isometric manner, then T is affine.
Proof. Let δ = min δ 1 δ 2 δ 3 /2 , c = max c 1 c 2 . For any x 1 x 2 ∈ X, whenever x 1 − x 2 < δ, we define by induction
In a way similar to that of the proof of Theorem 1, we can show the result completely. for any x ∈ X and y ∈ Y for each λ ∈ .
(3) · * λ is total (i.e., y * λ = 0 for all λ ∈ implies y = 0). Then T is affine.
Proof. Let x 1 x 2 ∈ X. For any λ ∈ , in the same way as in Corollary 1, we can construct M λ n and M n λ which satisfy the property that
By the last three formulas, we have T M n = M n ∀ n ∈ , lim n→∞ D M n = lim n→∞ D M n = 0, and Tx 1 + Tx 2 /2 T x 1 + x 2 /2 ∈ ∩ n M n = ∩ n T M n . By the totality of · * λ , Tx 1 + Tx 2 /2 = T x 1 + x 2 /2 . By assumption (1), T is continuous. Therefore T is affine. Remark 1. In a way similar to that of the proof Theorem 1, we may generalize immediately the Mazur-Ulam isometric theorem by Lemma 2. Replacing T isometry with δ-local isometry, we have the same conclusion. It shows that every δ-local isometry between two normed linear spaces is equivalent to an isometry when it is surjective. Furthermore, every δ-local isometry between two F-spaces is yet equivalent to an isometry under the conditions of Corollary 1.
Remark 2. Let X and Y be two locally pseudoconvex TVSs and Y with T 0 axiom. Suppose that U λ λ∈ (resp. U * λ λ∈ ) is a basis of pseudoconvex neighborhoods of 0 in X (resp. Y ). Without loss of generality, we may assume that they are balanced. Denote c λ = max C U λ C U * λ for any λ ∈ . In the same way as in the proof of [4, Theorem III, 1.3], we can find the systems of F-pseudonorms · λ (resp. · and on the other hand,
Thus, we conclude the assertion (3).
x for any x ∈ X (P.2), then X is a normed space.
Proof. We have only to prove that · satisfies the absolute homogeneity. Since x for any x ∈ X. Therefore 2x = 2 2x 2 = 2 x for any x ∈ X. We shall show by induction that nx = n x ∀n ∈ P 2 1
Obviously, (P.2.1) holds for n = 1 2. Suppose that (P.2.1) holds for n ≤ k. 
If k is an odd, then k+1 2 ≤ k. By (P.2.2), we have
It is clear that k + 1 x ≤ k + 1 x . So (P.2.1) holds for n = k + 1. It follows that (P.2.1) holds for any n ∈ . Moreover, we obtain that x for any m ∈ 0 ∪ and n ∈ . The continuity of number multiplication implies that tx = t x for any t ∈ 0 ∞ . Thus tx = t x = t x for any t ∈ . or kx ≥ k x for some k ∈ and any x ∈ X, then X is a normed space. 
